SM Binomial Series

Binomial Series

Fact (Geometric Series) — (1-x)"!=1+x+x%+---if |x| <1

Example

Given the fact about geometric series what is the series expansion of:
() (1-x)72

(b) (1-x)3

(a)

(1= =(1-x)"(1-x)"
=(1+x+x>+-)(T+x+x>+--)
=T+x(1+ 1) +x2(1T+1+1)+x°(1T+1+1+1)+---

=1+2x+3x>+4x3 +---

(b) Suppose (1 —x)% =ay+a;x+ayx*>+--- then

1-x=(1-%)2(1-x)?
:(a0+a1x+a2x2+-~-)(a0+a1x+a2x2+---)
= a%—|—(2a1a0)x+(2a0a2+a%)x2+---
= a(z)zl
2aiap = -1

2
2610612 +ay = 0

= 610:1
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SM Binomial Series

Example

Compute ﬁ . (ao +ayx+ arx? + azx® +)
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Fact (Generalised Binomial Coefficients) —

(2):a(a—1)--];!(a—k+1) —

Example
Prove thatif ne Z

(
Lemma

Prove that (_kn) = (—1)k(n+ll:_l)

.

(n)_ (-n)(-n—1)---(-n—-k+1)

k k!
- (e k)
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Fact (Generalised Binomial Theorem) — If & € C

= 0 “1)ee(a—-1+1
(1+x)a:Z(c:)xr: ala—1) rl(d r+ )xr if x| < 1
r=0 r=0 )

Example

Expand V1 + 2x as an infinite convergent Binomial series, up to and including the term in x*. (State the
range of values of x for which it is valid).

o=
—_—
=
I
—
~

0 o (2x)% + o (2x)3 + 1 (2x)* +
1.(_3 1 (_3).(_7 L (3. (_7).(_1L
:1+%x+ 24) 4x2+4( 46)( 4)8x3+4( 4) (244)( 4)16x4+
—1+%x—%x2+%x3—%x +-

if|2x] <1 & [x| < %

Example

Expand V8 + 24x as an infinite convergent Binomial series, up to and including the term in x>. (State
the range of values of x for which it is valid).

V8 1 24x = (8 + 24x)3

= (8(1 + 3x))3
= 2(1 +3x)3
1 2 1 2 5
oy 1+i(3x)1+ (2!_3)(3x)2+3.(_33)! (_3)(3x)3+
=2 1+x—x2+%x3+-~)
=2+2x-2x"+ 07+ if|x| <]
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Example
By considering (1 —x)~! and differentiating, find

o0
12+2%x+3%x% +4%3 +-.. = E r2x 1
r=1

(I-x)'=T+x+x>+-- :Zxr
— (1-x)2=1+2x+3x>+4x>+--- =

r=0
r=0

X x(1-x)2=x+2x2+3x> +4xt + .- :er
r=0

d
P (1-x)2+2x(1-x)2 =12+ 22x+ 322+ 4%x% + .. =Y r2x!
* r=0
= 1+x
2.r-1
= rex’T =
; (1-x)3
Example
Hence or otherwise, find 12+ 22+ 32+ ... + n?
Notice that 12 + (12 + 2%)x + (12 + 22 +3%)x2 + .- = —— . 12X = (1 + x)(1 —x)~%, so we need to look at the
1-x  (1-x)

coefficient of x" !
We obtain this from the coefficient of x"~! in (1 — x)~* and the coefficient of x"~2, which are (n__41) and (”__42), ie

n— -4 n— -4
5= (-1) l(n_l)+<—1> 2(n_z)

n-1+4-1 n-2+4-1
n—1 n—2

+



